Abstract. The purpose of this paper is to give a new characterization of Möbius transformations from the standpoint of conformal mappings. To this end a new concept of Apollonius hexagons on the complex plane is used.
Introduction
In [3] a new characterization of Möbius (that is, linear rational) transformations among conformal mappings was given. We considered Apollonius quadrilaterals, that is, not necessarily simple quadrilaterals for which AB · CD = BC · DA (the bar indicates the length of the segment) and showed that Möbius transformations are the only conformal mappings which conserve this equation.
In the present paper we consider Apollonius hexagons. 
Multiplying the above three equalities gives
and therefore
Hence, ARBP CQ is an Apollonius hexagon. The purpose of this paper is to prove the following theorem:
is a Möbius transformation of the variable z.
Proof of the Theorem
If. Substitution shows that all Möbius transformations, given by . Let the circumscribed circle of ABCDEF be K. We shall prove that if we set
holds on the w-plane.
To this end we take two variable points B 1 and F 1 on the open arc AB (excluding A, B) of K and the open arc AF (excluding A, F ) of K, respectively, such that By (4) and by AB = AF we have
Since ABCDEF is a regular hexagon, we obtain
By (4), (5) and (6) we get
Hence by definition the hexagon AB 1 CDEF 1 is an Apollonius hexagon.
We set B 1 = f (B 1 ) and F 1 = f (F 1 ). Since, by hypothesis, w = f (z) satisfies Property A, we obtain
on the w-plane.
By (4), B 1 and F 1 can be represented by complex numbers
x + e iθ y and x + e −iθ y, respectively, where θ is a real number satisfying 0 < θ < π 3 . Since
hold on the w-plane, by (7) we obtain
Since the two points x + e −iθ y, x + y are different points belonging to U and U is a subset of ∆, x + e −iθ y and x + y are different points of ∆. By hypothesis w = f (z) is univalent in ∆. So we obtain f (x + e −iθ y) − f (x + y) = 0. is an indeterminate form. Furthermore, since x + y ∈ U , we obtain f (x + y) = 0. (11)
